In this work, silicon-rich silicon oxide films of different stoichiometry were annealed at high temperatures in order to obtain silicon nanocrystals embedded in silica. The low-frequency Raman scattering has been observed and related to acoustic phonons confined in these nanocrystals. It has been found that this scattering consists of two modes: one at a lower frequency and one at a higher frequency. The depolarization ratios for these modes were determined, showing that the lower frequency mode is depolarized and the higher frequency mode is polarized. It has been also found that under specific conditions of film preparation the product of mode frequency and nanocrystal diameter is scale invariant. Finally, it has been shown that the confined acoustic phonon frequencies do not simply depend on the nanocrystal size alone, but also on the Si concentration in the film itself. This effect has been ascribed to the accelerated nucleation and enhanced crystallization occurring in the films deposited with higher Si content.
I. INTRODUCTION
For more than two decades, silicon nanostructures have been extensively studied as a promising material for application in high-density flash memories [1] , light emitters [2, 3] , or third-generation tandem solar cells [4, 5] . The research in this field has been active due to many attractive features of low-dimensional silicon, one of them being the quantum confinement effect [6] . Given the fact that silicon also offers a variety of third-order nonlinear optical properties [7] , it is not surprising that silicon nanocrystals (Si-nc) are considered as a key material for next generation nonlinear photonic devices. Recently, a giant Raman gain in Si-nc embedded in a silica matrix has been discovered [8] , up to four orders of magnitude higher than that from crystalline silicon (c-Si). This discovery opens up new perspectives for the realization of more efficient, ultrasmall silicon Raman lasers. Owing to the interrelationship between optical, electrical, and structural properties of Si-nc, any simple and nondestructive method allowing one to investigate the Si-nc structure is thus of great importance. When seen in this light, Raman scattering from confined acoustic phonons of Si-nc is a tool for indirect investigation of structural parameters (e.g., nanocrystal shape and size, structure of the interface between the matrix and Si-nc, etc.) by comparison of the measured and calculated vibrational frequencies.
The mechanical problem of the vibrations of a homogeneous, isotropic, free sphere first was studied by Lamb [9] . The vibrational frequencies depend linearly on the inverse Si-nc diameter and are classified into two categories: torsional and spheroidal [10] . The former involve only shear motions and do not change the volume of the sphere; the latter involve both shear and stretching motions and produce radial displacement. These two modes can be classified according to the symmetry group of the sphere by the angular quantum * grzegorz.zatryb@pwr.edu.pl † artur.p.podhorodecki@pwr.edu.pl number l (l = 0,1,2, . . .). For l = 0 modes the displacement is purely radial, while for higher l values an angular corrugation appears. Another index n (n = 0,1,2, . . .) is the solution index, distinguishing the lowest-order mode (n = 0) from its overtones (n 1) in Raman spectra. According to Duval [11] , only spheroidal modes with l = 0 and l = 2 are Raman active, producing polarized and depolarized spectra, respectively.
As shown by Fujii et al. [12] , Lamb's free-sphere model fails to predict the vibrational frequencies of Si-nc embedded in amorphous SiO 2 (a-SiO 2 ). The observed discrepancy was ascribed by Fujii to the coupling of Si-nc to the matrix. Indeed, as shown by microscopic lattice-dynamical calculations, the effects of the embedding medium are important and lead to a downward frequency shift for both polarized and depolarized modes [13] . However, it should be pointed out that a realistic description of the Si-nc/SiO 2 interface is difficult at the atomistic level, and to our knowledge, it has not been yet accounted for in the microscopic calculations. In the case of elastic continuum models the problem stems from the fact that the acoustic impedance (Z) of Si is close to that of a-SiO 2 , which makes the confinement of the vibrations rather poor. Again, a better description of the Si/SiO 2 interface could help to somewhat mechanically isolate Si-nc but this problem is difficult and has not been solved. Despite these difficulties, Saviot and Murray proposed methods for calculation and identification of the vibrational modes that appear in the low-frequency Raman spectrum of Si-nc embedded in silica [14, 15] . However, to our knowledge, no systematic experimental study exists checking the applicability of this theory to calculating the vibrational frequencies of Si-nc of different sizes. On the contrary, some authors proposed other assignments for the acoustic modes of Si-nc in a-SiO 2 [16] . Besides this controversy, the applicability of the continuum-elastic model to predicting vibrational frequencies of Si-nc smaller than 4 nm has been a matter of debate. In fact, the validity of the linear frequency scaling has been called into question in some papers [17] , while other authors demonstrated that though Lamb's model breaks for small diameters, the frequencies of the Raman-active modes continue to scale as the inverse of the nanoparticle size, at least for diameters larger than 2.38 nm [18] . Noteworthy, in the case of Si-nc, the valence force field model calculations predict that the lowest frequencies of Raman peaks in the acoustic range are indeed proportional to the inverse of Si-nc diameter [19] .
In this work, we experimentally study the low-frequency Raman scattering from Si-nc embedded in a-SiO 2 . The assignment for low-frequency modes is suggested based on the experimentally determined depolarization ratios and Raman scattering selection rules. The experimental results are then compared with complex-frequency model calculations. Last but not least, we shall demonstrate how the phonon frequencies depend on the annealing temperature and Si concentration in the film.
II. EXPERIMENT
In our experiment, silicon-rich silicon oxide (SRSO) films, 2 μm thick, with different Si contents (x = 0.38, 0.40, and 0.49 in Si x O 1−x ) were deposited on quartz wafers by an inductively coupled plasma chemical vapor deposition (ICP-CVD) reactor (Johnsen Ultravac Inc. of Burlington, Ontario) using Ar+30% SiH 4 and Ar+90% O 2 plasma gases. The x values were determined by Rutherford backscattering (RBS) measurements. After growth, wafers were diced and then annealed in the quartz tube furnace (Lindberg) under flowing Ar for 2 h at temperatures (T A ) of 900, 1000, and 1100°C. For each x, one sample was left unannealed (as-grown samples). More details about the deposition process can be found elsewhere [20] .
The x-ray diffraction (XRD) patterns were collected in grazing geometry using a diffractometer equipped with Cu Kα rotating anode (Rigaku RU 200), CCD area detector (Bruker Smart 6000), and Göebel cross-coupled parallel focusing mirrors. Details of the film structure were also investigated via high-resolution transmission electron microscopy (HRTEM) using a JEOL 2010F field emission transmission electron microscope operating at 200 keV.
The room-temperature Raman measurements were carried out at constant excitation power in micro backscattering configuration, using a triple spectrometer with subtractive stages (T64000, Horiba Jobin Yvon). A liquid-nitrogen-cooled silicon CCD camera was used as the detector and an Ar + laser (λ = 514.5 nm) as the excitation source. To investigate polarization properties, we measured the scattering spectra in two polarization geometries, by setting the excitation and detection polarizations either parallel (VV) or perpendicular (VH) to each other. Noteworthy, in this configuration totally symmetric (polarized) modes appear only in VV spectra, whereas lower symmetry (depolarized) modes appear in both VV and VH spectra. To analyze the scattered light, we used a fixed polarizer at the entrance of the monochromator and a λ/2 plate to choose between the VV and VH configurations. We also accounted for the polarization-dependent transmission coefficient of the beam splitter used in our microscope.
The Fourier-transform infrared (FTIR) spectra were collected using a Nicolet iS10 spectrometer (Thermo Fisher Scientific Instruments). These measurements were conducted in attenuated total reflectance mode (ATR) using a VariGATR accessory with germanium crystal (Harrick Scientific).
III. THEORETICAL CONSIDERATIONS
To calculate the vibrational frequencies of Si-nc in a-SiO 2 we use the method suggested by Saviot and Murray [14] , known as the complex-frequency model (CFM). In this approach, the vibrations of a spherical nanocrystal embedded in an infinite matrix are described using classical continuum mechanics. For homogeneous, isotropic materials, the displacement field u( r,t) of an elastic medium of density ρ( r) is governed by Navier's equation
where λ and μ are bulk Lamé constants of the constituting materials. The time dependence of the displacement is taken as u( r,t) = u( r) exp(iω t). The Lamé parameters are related to the longitudinal and transverse sound velocities as V 2 L = (λ + 2μ)/ρ and V 2 T = (μ/ρ), respectively, where ρ is the material density in equilibrium. For anisotropic materials, such as Si, the longitudinal and transverse speeds of sound can be uniformly averaged over all directions [14] .
To solve Eq. (1), we use the usual method, introducing a scalar and a vector potential that separates Eq. (1) into scalar and vector parts [10] . Next, boundary conditions corresponding to the system are applied. This results in an eigenvalue equation whose complex valued roots, found numerically, give the angular frequencies ω of the eigenmodes of vibration. Importantly, due to the presence of the nanocrystal-matrix interface the angular frequencies ω are imposed by the boundary conditions, which demand the continuity of displacement field, u, and of the radial component of the stress tensor, σ · r, at the nanoparticle-matrix interface [21] . In contrast to the free-sphere Lamb's model, these angular frequencies are now complex, ω = ω + i ω [10] . For Raman-active modes, ω gives the Raman peak frequency (in rad/s), while 2 ω gives the full width at half maximum (FWHM) of a Raman peak (in rad/s). In general, solution of Eq. (1) yields two types of vibrations: spheroidal (S n,l ) and torsional (T n,l ), numbered by orbital quantum number l and index of the solution n. For these modes, the angular frequency scales linearly as the inverse of the nanocrystal diameter. Therefore, it is convenient to express the Raman shift ν n,l (in cm −1 ) for the spheroidal modes, with equation
where the dimensionless factor S n,l depends on the mode and on the transverse and longitudinal sound velocities, d is the nanocrystal diameter, and c is the speed of light. The vibrational frequencies of Si-nc embedded in a-SiO 2 were calculated for the fundamental (S 0,0 ) and (S 0,2 ) modes. For the parameters listed in Table I , we obtained S 0,0 = 1.45 and S 0,2 = 0.71. Knowing these values, the energy of spheroidal modes can be calculated from Eq. (2) for a given nanocrystal diameter d.
It should be also emphasized that according to CFM, the product of mode frequency and diameter ωd is scale invariant. A similar conclusion can be drawn also from more complicated calculations based on, e.g., microscopic models [13, 19] . For this reason, the usual method to test whether or not the lowfrequency scattering is due to a confined mode is to plot the measured Raman shift as a function of 1/d. This method, however, requires an accurate determination of the nanocrystal size, which is often difficult to achieve, especially in the case of nanocrystals embedded in a matrix. Nevertheless, if two different confined modes are observed in the low-frequency Raman spectrum, it is possible to calculate the energy ratio for these modes. Now, it follows from Eq. (2) that in the case of confined modes this ratio is constant, independent of the nanocrystal diameter. This is another method to test for the presence of confined modes. To take one example, according to Eq. (2), if (S 0,0 ) and (S 0,2 ) modes are observed in the low-frequency Raman spectrum, the ratio ν 0,0 /ν 0,2 should be independent of the nanocrystal diameter d, being therefore scale invariant. In particular, for Si-nc in SiO 2 , CFM predicts ν 0,0 /ν 0,2 = S 0,0 /S 0,2 = 2.04.
IV. EXPERIMENTAL RESULTS

A. Structural characterization
The formation of Si-nc in an a-SiO 2 matrix by hightemperature annealing of SRSO films has been investigated by different authors [22] [23] [24] . It is common knowledge that SRSO is not stable at high temperatures and annealing leads to its decomposition into two stable components: Si and SiO 2 . Due to diffusion, small amorphous silicon (a-Si) clusters grow. Above a certain temperature, crystallization of a-Si takes place leading to the formation of Si-nc. Importantly, as shown by numerous studies [22, [24] [25] [26] , the average Si-nc size increases as a function of x in Si x O 1−x , as well as a function of T A . Here, we used both x and T A to change Si-nc sizes.
The crystallization process of a-Si can be observed by Raman spectroscopy [27] . Figure 1 (a) shows Raman spectra measured for x = 0.40 samples annealed at different temperatures as well as for the as-grown sample. It can be seen that up to 900°C, the only Raman signal is related to a-Si present in the film (a broad peak centered around 480 cm −1 ) [28] . The intensity of this signal is higher for the 900°C sample than for the as-grown sample, indicating a-Si aggregation. While for samples annealed at 1000 and 1100°C the a-Si signal is still present, a strong peak related to c-Si appears at around 520 cm −1 , confirming the formation of Si-nc [28] . Moreover, comparing relative a-Si and c-Si signal intensities, from Fig. 1(a) it is apparent that the fraction of a-Si is high in the sample annealed at 1000°C, whereas the c-Si fraction dominates in the sample annealed at 1100°C. This result, obtained also for samples deposited with x = 0.38 and 0.49, reveals that at T A = 1000
• C the crystallization process of a-Si has yet to be completed.
While Si-Si bonding is Raman active, Si-O-Si bonds are active in the infrared and therefore the matrix properties can be studied by FTIR spectroscopy [29] . Figure 1(b) shows the annealing-induced variation of FTIR absorbance spectra measured for the set of samples with x = 0.40. The broad bands with maxima between 1000 and 1100 cm −1 are assigned to the asymmetric stretching motion of the oxygen atom of the Si-O-Si bridging configuration [29] . As can be seen from Fig. 1 (b), after annealing, the peak position of the Si-O-Si stretching mode shifts towards a higher wave number. Simultaneously, the FWHM of the band decreases. While the sharpening of this band is related to ordering of the a-SiO 2 network [30] , the observed shift of the Si-O-Si stretching band is due to the precipitation of the excess Si and the formation of a stoichiometric SiO 2 phase [31] . Importantly, the peak corresponding to the Si-O-Si stretching mode is seen to reach almost the same wave number in samples annealed at 1000 and 1100°C. It is a strong indication of a similar a-SiO 2 matrix being formed in these two samples. Apparently, Si precipitation is completed at around 1000°C.
In order to examine the process of Si-nc formation in more detail, we measured XRD patterns in a wide range of diffraction angles. The presence of Si-nc has been confirmed for samples with x = 0.38, 0.40, and 0.49 which were annealed at 1000 and 1100°C. Figure 2 shows XRD patterns obtained for the set of samples with x = 0.38, 0.40, and 0.49 annealed at 1100°C, together with a sample pattern of Si-nc and a-SiO 2 extracted from the fit. For all of the samples, the first broad band close to 21°is related to a-SiO 2 . The other peaks can be attributed to the reflections from (111), (220), (311), (400), and (331) planes of Si-nc [26] .
The presence of Si-nc has been confirmed also by HRTEM measurements. Figure 3 shows an electron micrograph obtained for the sample with x = 0.40, annealed at 1100°C. In this figure, lattice fringes corresponding to the (111) planes of Si-nc are clearly visible. For this sample, Si-nc sizes are widely distributed and most of the Si-nc (∼65%) fall into the size range of 3.5−6.5 nm. The mean nanocrystal size is around 4.7 nm, as calculated by fitting the size histogram with a lognormal distribution. Furthermore, to check the influence of T A , we conducted a similar HRTEM analysis for the sample with x = 0.40 annealed at 1000°C. In this case, size distribution is far narrower and most sizes (∼70%) are in the range of 2.2−3.2 nm. The mean nanocrystal size is around 2.7 nm. The main effect of decreasing T A is therefore decreasing of the mean Si-nc size as well as size distribution narrowing, which is in agreement with the common knowledge on Si-nc [22, 25] . Finally, it should be underlined that for both annealing temperatures, shapes of Si-nc are not perfectly spherical but rather slightly irregular and elongated. Nevertheless, the aspect ratio for the vast majority of Si-nc certainly is below 1.4. Due to the low atomic number contrast of Si and O, a more detailed HRTEM analysis is difficult. 
B. Low-frequency Raman scattering
Figures 4(a) and 4(b) show the low-frequency Raman spectra obtained in VV and VH geometries, respectively, measured for samples annealed at 1100°C. For both polarization geometries, the figures reveal broad peaks with line shape close to Lorentzian. As can be seen in Fig. 4(a) , the Raman peak shifts to higher frequency when Si content x in Si x O 1−x decreases. In VH spectra, shown in Fig. 4(b) , a similar high-frequency shift of the Raman peak with decreasing x is observed. Since the average Si-nc size decreases for films with a lower x, one might assume that this effect is due to phonon confinement. This is true to some extent, although we will show later that the effect of x on the Raman peak frequencies is more complicated. Importantly, as can be seen in Figs. 4(a) and 4(b), for a given Si content x, peak frequencies of VH spectra are much lower than those of VV spectra. This result indicates scattering by two different vibrational modes: one at a lower frequency and the other at a higher frequency. It is also evident that the lower frequency mode is depolarized. However, since the Raman peaks due to the lower and the higher frequency modes overlap, it is difficult to say whether or not there is a contribution of the higher frequency mode to VH spectra. This important problem requires more attention and is addressed later, together with the determination of the depolarization ratio for both modes. frequencies can be observed. Namely, for samples deposited with the same x, the peak frequency is always significantly higher for films with lower T A . As we will show later, this effect is strictly due to phonon confinement, since the average Si-nc size decreases for films annealed at the lower temperature.
Here, it should be mentioned that for both T A we observed a broad peak at around 150 cm −1 (not shown here, for clarity), related to a-Si present in the matrix. This is a well-known feature of a-Si, reported also by other authors [16] . In general, this peak is very small in samples annealed at 1100°C, and slightly more pronounced in samples annealed at 1000°C. The intensity of this peak is always relatively small compared to the intensity of the low-frequency bands. Nevertheless, in some samples, there is a small contribution to the low-frequency spectra due to the tail of this peak. Since this tail ends somewhere around 50−60 cm −1 it does not influence, e.g., the peak positions observed in Figs for our conclusions, it has been accounted for in all of the fitting procedures reported in this paper.
So far, we have shown that the low-frequency Raman peak position depends on both x and T A . These parameters were also used by other authors to change the Si-nc size [12, 16, 32] . These authors observed that the low-frequency Raman peak upshifts when the Si-nc size decreases and they related this effect to scattering by acoustic phonons confined in Si-nc. Such assignments were made despite the fact that theoretical models usually failed to predict the observed Raman peak frequencies. Strictly speaking, in most cases the measured frequencies were significantly lower than the calculated frequencies. Taking this into account, it is justified to say that it has not yet been directly proved that the low-frequency scattering observed in VV and VH spectra is indeed related to Si-nc. First of all, we would like to note that low-frequency Raman peaks may exist in the absence of confined vibrations [33] . This could be due to electron-phonon coupling between some electronic states resonant with the laser excitation and a phonon propagating through the sample. In fact, there are many optically active centers in SRSO films, which could be involved in such a coupling. Apart from Si-nc, electron-phonon interaction could involve electronic levels of a-Si nanoparticles, defects, or Si=O bonds which are known to be important for the optical properties of SRSO structures [34, 35] . Secondly, the observed dependency of the Raman peak frequency on the Si-nc size could be accidental, due to a positive correlation between the Si-nc size and Si content x. Following this observation we could argue that the low-frequency scattering could be due to a-Si nanoparticles which are present in the matrix even after annealing. Finally, the Raman spectra of many glasses, including silica, very often exhibit a broad low-frequency structure, known as the boson peak [36] . The frequency of this peak is not constant and depends on the structural order of the glass.
In order to check whether or not the low-frequency scattering observed in VV and VH spectra is due to Si-nc, we performed a simple test. First, VV and VH spectra were fitted in order to calculate the integrated Raman intensities for each sample. Simultaneously, we fitted the Raman spectra measured in the optical range to obtain the integrated intensities of the well-known scattering related to TO/LO phonons of Si-nc. Figures 6(a) and 6(b) show the obtained results for VV and VH spectra, respectively. In both cases a high linear correlation between the Raman intensities in the optical and acoustic range has been obtained. Since the measured Raman intensity depends on the number of scatters, the obtained correlation proves that the low-frequency scattering observed in VV and VH spectra is indeed related to Si-nc. Here, it should be underlined that in our experiment the Si-nc concentration increases with Si content x [25] . Moreover, for a given x, the Si-nc concentration increases with T A [22] . Yet, while the concentration of a-Si nanoparticles also increases with x, it drops when T A increases. Since for a given x we observed that the scattering in both the optical and acoustic range increases with T A , we may exclude a-Si nanoparticles as a possible origin of the low-frequency scattering.
Next, we compare the intensity of VH scattering relative to the intensity of VV scattering. For T A = 1000
• C (T A = 1100
• C), the intensity ratio of peaks measured in VH and VV geometries are 0.30, 0.29, and 0.32 (0.30, 0.27, and 0.30) for samples with x = 0.49, 0.40, and 0.38, respectively. Since uncertainty related to these values is around ±0.02, we can say that the peak-to-peak intensity ratio does not change much with x or T A . Having said that, it is interesting to compare the obtained values with other experimental data listed below in chronological order. First of all, Fujii et al. [12] reported 0.25 for the intensity ratio of peaks observed in VH and VV spectra. In this study, a spectral shift between VH and VV peaks was reported, similarly to our case. The intensity ratio obtained by Fujii is close to our results and shows that despite the scattering intensity measured in VH geometry is lower than that measured in VV geometry, the contribution of depolarized scattering cannot be neglected. In contrast, Wu et al. [37] observed strong scattering only in VV geometry, whereas the intensity of scattering in VH geometry was negligible. This was one of the reasons why Wu assigned the low-frequency scattering to spheroidal modes with l = 0. Next, due to a relatively high intensity of VH peak compared to VV peak, Saviot et al. [14] reported that the low-frequency spectra of Si-nc actually consist of two depolarized modes of different energies. In this work, it was suggested that the lower energy mode is due to torsional vibrations with l = 1, while the higher energy mode is due to spheroidal vibrations with l = 2. The final conclusion, however, was that without theoretical calculations of the absolute cross sections of Raman scattering, it is only possible to make a tentative identification of the vibrational modes that appear in the low-frequency spectra. By contrast, Ivanda et al. [16] reported very weak scattering in VH geometry compared to scattering in VV geometry. The spectral shift between VH and VV peaks was present also in this study. The intensity ratio was not mentioned, but the published spectra clearly showed that it was much lower than, e.g., 0.25 obtained by Fujii. For this reason Ivanda assigned the higher frequency component appearing in VV spectra to the spheroidal mode with l = 0 and the lower frequency component appearing in VH spectra to the spheroidal mode with l = 2. Finally, Yang et al. [32] reported 0.45 for the intensity ratio, showing once again that the scattering intensity in VH geometry can be significant in comparison with the scattering intensity in VV geometry. On the basis of the polarization properties, Yang assigned the observed low-frequency Raman peaks to LA-like and TA-like modes. Taking into account the above-mentioned results, it appears that there is no general consensus about the identification of the vibrational modes that appear in the low-frequency Raman spectra of Si-nc. Apparently, this is due to different relative intensities of VH and VV peaks observed in these experiments. The origin of these differences is unclear and requires further investigation. Nevertheless, we will show later that the controversy related to the identification of low-frequency modes can be resolved by making appropriate decomposition of the measured Raman spectra. Now, we would like to discuss in detail the polarization properties of the low-frequency Raman bands. So far, we have only mentioned that this scattering is due to two spectrally overlapping modes of different symmetry: one at a lower frequency and the other at a higher frequency. Importantly, this effect is manifested exclusively by the spectral shift between the Raman peaks observed in VH and VV spectra. In other words, when the VH or VV spectrum is analyzed separately, we cannot see any distinctive features, such as, e.g., double peak in VH and VV spectrum, which would allow one to use a simple fitting procedure to decompose each spectrum into the higher and the lower frequency component. In this situation, the exact experimental determination of the energy and depolarization ratio for each mode is not straightforward. Noteworthy, other authors experienced the same problem when investigating silicon [14, 16] or germanium [32] nanocrystals, but it remained unresolved. Some of them performed spectral decomposition, but in order to do so, they had to arbitrarily assume some values of the depolarization ratio for the higher and for the lower frequency modes [14, 16] . This is unfortunate, since the depolarization ratio should be determined experimentally, as it is the fundamental quantity used to study the symmetry of the vibrational modes.
To investigate the polarization properties of the lowfrequency scattering, we first fit the two spectra obtained for the sample with x = 0.40 annealed at 1100°C: one measured in VV geometry and one measured in VH geometry. For each spectrum, the cumulative fit is defined as a sum of two Lorentzian functions. The first Lorentzian represents the scattering related to Si-nc. This is the most important contribution to the cumulative fit, denoted as I V H (ν) is that we have to eliminate the experimental noise and describe the VV and VH spectra of Si-nc with smooth functions [38] . The second Lorentzian represents the scattering related to a-Si which peaks at around 150 cm −1 . As already discussed, we noticed a small contribution to the low-frequency spectra coming from the tail of this peak and we included it in our analysis for exact description of the observed scattering. V H (ν) calculated from the fit, representing the scattering from Si-nc in VV and VH geometry, respectively. For clarity, the curves representing a-Si contribution to the cumulative fits have not been shown in Fig. 7(a) . Nevertheless, comparing I V H (ν) with the cumulative fits obtained for VV and VH spectra, respectively, it is clear that this contribution is very small.
So far, we only expressed the low-frequency scattering of Si-nc with analytical curves, which are free of experimental noise and a-Si contribution. Now, let us emphasize that both I They are calculated by a fitting procedure, in which we look for such ρ H F , ρ LF , L H F (ν), and L LF (ν) which best satisfy the following system of approximate equations [39] :
(1) I ext.
We have found that using these three conditions simultaneously stabilizes fits, which allows us to obtain reproducible results. The most important condition is the first one, which results in a resonancelike curve, shown in the inset to Fig. 7(b) . Noteworthy, this curve shows that in the case of scattering due to two overlapping modes, the depolarization ratio cannot be determined by simply calculating the intensity ratio of the VH and VV spectra. Nevertheless, we noticed that some authors [32] interpreted the intensity ratio of the VH and VV spectra as the depolarization ratio. This is incorrect, since in general, this ratio depends on ν and, as we show below, is not even close to ρ H F or ρ LF . Figure 7(b) shows the low-frequency scattering of Si-nc for sample x = 0.40 annealed at 1100°C, after decomposition. In this figure, L H F (ν) and L LF (ν) represent the scattering components observed in VV geometry (solid lines), while ρ H F L H F (ν) and ρ LF L LF (ν) represent the scattering components observed in VH geometry (broken lines). It can be seen in Fig. 7(b) that scattering related to the higher frequency mode, appearing slightly below 30 cm −1 , is polarized, with ρ H F = 0.04. Moreover, scattering related to the lower frequency mode, appearing slightly above 20 cm −1 , is depolarized, with ρ LF = 0.73. Furthermore, by integrating L H F (ν) and L LF (ν) components, we have found that scattering due to the higher frequency mode is almost three times stronger than scattering due to the lower frequency mode. Importantly, to investigate the influence of T A , we performed a similar analysis for the sample with x = 0.40 annealed at 1000°C. Noteworthy, for this sample, the contribution of a-Si scattering to the low-frequency spectra is more pronounced than in the case of the T A = 1100
• C sample. Nevertheless, for the sample annealed at 1000°C, we obtained ρ H F = 0.04 and ρ LF = 0.76. Within the limits of experimental error, these depolarization ratios are the same as the respective values determined for the sample annealed at 1100°C.
It is well known that in the case of spherical symmetry, the only Raman-active modes belong to D (0) g and D (2) g irreducible representations [11] . The D (0) g mode is totally symmetric and results in completely polarized spectra. Since the determined ρ H F is very close to zero, the higher frequency vibrational mode of Si-nc can be assigned to this representation, that is, to the fundamental spheroidal mode with l = 0. Moreover, in the case of the nontotally symmetric mode D (2) g , the depolarization ratio is a system-dependent quantity. In general, this ratio should be in the range between 1/3, the value calculated for cubic systems and dipole-induced-dipole mechanism of scattering [40] , and 0.75, the value expected for randomly oriented nanoparticles [14] . Since the determined ρ LF is very close to 0.75, the lower frequency vibrational mode of Si-nc can be assigned to the D (2) g representation, that is, to the fundamental spheroidal mode with l = 2. It is also interesting to note that the depolarization ratio determined for the lower frequency mode differs from 1/3 calculated for the l = 2 mode for cubic Bravais lattices and dipole-induced-dipole mechanism of scattering [40] . Most probably, this is due to a different physical mechanism of scattering, presumably bond polarizability which dominates in covalent materials. Finally, the observed disproportion between the Raman intensity of the higher and the lower frequency modes can be explained, considering the density change associated with these vibrations. While the (S 0,0 ) mode is purely longitudinal and results in large density fluctuations, the (S 0,2 ) mode is classified as primarily transverse, resulting in much smaller density fluctuations [41] , which explains its weaker Raman activity.
To check how the energy of the higher and the lower frequency modes depends on x and T A , we performed spectral decomposition for all of the investigated samples. Since the decomposition procedure described previously is rather complicated, it has been used only for the experimental determination of the depolarization ratios. Based on the obtained results, within the limits of experimental error, we can now take ρ H F = 0 and ρ LF = 0.75 for all the samples. The spectral decomposition is now performed in the usual way [14] . The spectral shape of the scattering with depolarization ratio different from 0.75 is calculated as I V V (ν) × 0.75 − I V H (ν), where I V V (ν) and I V H (ν) are the experimental spectra measured in VV and VH geometries. The spectral shape of the scattering with depolarization ratio different from zero is simply I V H (ν). For better statistical description (e.g., to avoid effects related to films' nonuniformity), each spectrum has been measured in five different positions on the sample and the peak frequencies obtained after the spectral decomposition have been averaged. In this way, we determined ν 0,0 and ν 0,2 , which are the experimental energies (in cm −1 ) of the higher and the lower frequency mode, respectively. Next, to test for the presence of acoustic phonons confined in Si-nc, we calculated the experimental energy ratio ν 0,0 /ν 0,2 as a function of x and T A . As discussed in Sec. III, for confined modes this ratio should be independent of the nanocrystal diameter d, since ν 0,0 and ν 0,2 are linear functions of 1/d with intercept equal to zero. 72 (1.75) , respectively. Since the average Si-nc size significantly decreases with lowering T A , this result proves that the low-frequency Raman bands are indeed related to the confined phonon modes of Si-nc. In other words, when only T A is used to change the Si-nc size, the experimental ratio ν 0,0 /ν 0,2 is scale invariant, even despite the small nanocrystal sizes and the broad size distributions. More importantly, as can be seen in Figs. 8(a) and 8(b) , for samples annealed at 1000 and 1100°C, the experimental ratio ν 0,0 /ν 0,2 increases linearly as a function of Si concentration x. In other words, when only x is used to change the Si-nc size, the experimental ratio ν 0,0 /ν 0,2 is not scale invariant. This uncovers a remarkable and unexpected result, namely, that the confined acoustic phonon frequencies do not simply depend on the Si-nc size alone, but also on the Si concentration in the film itself. Furthermore, as shown in Sec. III, CFM predicts ν 0,0 /ν 0,2 = 2.04, which is far from our experimental results. Nevertheless, we can see in Figs. 8(a) and 8(b) that as x increases, the experimental ratio ν 0,0 /ν 0,2 approaches the value predicted by CFM. Noteworthy, since ν 0,0 /ν 0,2 is in fact a ratio of two slopes, the increasing value of this ratio shows that the splitting between energies of (S 0,0 ) and (S 0,2 ) modes increases with x.
Here, we would like to underline that the effects described above are clearly visible even without decomposition of the low-frequency bands. When we calculated the ratios of the Raman peak frequencies measured in VH and VV geometries for samples with x = 0.38, 0.4, and 0.49 annealed at T A = 1100
• C (T A = 1000
• C), we obtained 1.22 (1.22), 1.29 (1.28), and 1.56 (1.56), respectively. Obviously, these values are now different due to the lack of spectral decomposition. Nevertheless, the obtained effects of T A and x are exactly the same as we discussed above. Furthermore, the observation that the ratio of VH and VV Raman peak frequencies increases as a function of x can actually be seen in the data published by Fujii et al. [12] (although it was not mentioned there). For this data we obtained 1.33, 1.49, and 1.72, in the order of increasing Si concentration. The effect of x is discussed in the following section.
V. DISCUSSION
The results presented in the previous section can be understood after considering some of the previously published data on Si-nc in SiO 2 . For this reason, in Figs. 9(a) and 9(b), we summarized the peak frequencies of VV and VH lowfrequency Raman spectra reported so far by different authors [12, 14, 16, 32, 37, 42] . It can be seen that most data points are scattered close to or between the dashed lines shown in Figs. 9(a) and 9(b) as guides to the eye. These frequencies are significantly lower than the predictions of CFM (solid lines in Fig. 9 ). Nevertheless, it can also be seen in Fig. 9(a) that the peak frequencies published by Wu et al. [37] are much higher than the other data points. Importantly, as reported by Wu, the measured low-frequency spectra were totally polarized and thus assigned to (S 0,0 ) modes. It should also be mentioned that in the original paper Wu ascribed these modes to the vibrations of a free sphere. Nevertheless, it can be seen in Fig. 9(a) that CFM predicts the frequencies measured by Wu accurately.
According to Wu, the close match between the calculated and the measured Raman frequencies was obtained due to the perfectly spherical shapes of Si-nc investigated in his study [37] . Since the Si-nc investigated in our study are not perfectly spherical, it is probable that the observed difference between the calculated and the measured energy ratio ν 0,0 /ν 0,2 to the deviations of Si-nc shapes from sphericity. Presumably, this is also the reason why other data points presented in Figs. 9(a) and 9(b) do not match the predictions of CFM. In general, it is very difficult to obtain perfectly spherical Si-nc in a SiO 2 matrix when SRSO films are deposited using only Si and O precursors [43] .
Importantly, to obtain a perfectly spherical shape of Si-nc, Wu doped the investigated films with ∼3 at.% of erbium [37] . It is not completely understood why the addition of erbium atoms allows one to obtain a spherical shape of Si-nc. It is, however very well known that the addition of erbium significantly enhances crystallization of Si-nc, since lanthanides serve as new nucleation centers [37, 44] . In general, it is known that the introduction of erbium or europium to some silicate glasses significantly accelerates the nucleation process and it does not limit the size of the crystallites [45] . In this way, the crystallization of Si-nc is observed at very low annealing temperatures, as low as 600°C [37] , or even without annealing [44] . To compare, without erbium doping the crystallization of SRSO films is observed starting at around 1000°C [22] , meaning that much higher energies are necessary to grow Si-nc. This, in turn, may lead to a more efficient growth of Si-nc in some preferential crystallographic direction, resulting in less spherical shapes.
Taking into account the above considerations, we may now explain the observed dependency of ν 0,0 /ν 0,2 on Si concentration x. It was shown in the previous section that when x increases, the experimental ratio ν 0,0 /ν 0,2 approaches the value predicted by CFM. Now, it is well known that for higher Si content in the film, the crystallization process of Si-nc is enhanced [27, 46] . In other words, the formation of Si-nc is always more efficient in the films with higher x. This is because the crystallization of a-Si is limited by the nucleation rate [47] and for the films with higher x, the nucleation process is accelerated. This can be easily understood since it is always more probable to create a nucleus in the SRSO film containing more excess Si atoms per unit volume. Taking into account the above considerations, we relate the observed dependency of ν 0,0 /ν 0,2 on Si concentration x to the accelerated nucleation rate, enhanced crystallization of a-Si, and more uniform growth of Si-nc. In other words, for the films deposited with higher x, the structural properties of Si-nc embedded in silica seems to be closer to the assumptions of CFM, described in Sec. III. Noteworthy, besides the spherical shape of Si-nc, CFM also assumes a lack of structural imperfections such as, e.g., discontinuous interface between Si-nc and a-SiO 2 [48] , dislocations and twinning [49] [50] [51] , or amorphous shell covering Si-nc [22] . Since Si concentration in the film influences the crystallization process, we cannot exclude that these effects also play a role in the observed dependency of ν 0,0 /ν 0,2 on x. A more detailed structural investigation is necessary to fully understand this problem.
VI. CONCLUSIONS
In this work, we investigated silicon-rich silicon oxide samples, deposited with different Si concentrations and annealed for 2 h at temperatures of 1000 and 1100°C. We have observed low-frequency Raman scattering from the confined acoustic phonons of Si nanocrystals embedded in a-SiO 2 . It has been shown that the low-frequency Raman spectra of Si-nc consist of two overlapping bands: one at a lower frequency and one at a higher frequency. The higher frequency band is polarized, with the depolarization ratio very close to zero. In the case of spherical symmetry, this band can be assigned to the fundamental spheroidal mode with l = 0. The lower frequency band is depolarized, with the depolarization ratio close to 0.75. This band can be assigned to the fundamental spheroidal mode with l = 2. Moreover, it has been shown in this paper that CFM generally fails to predict the observed Raman frequencies, which was related to imperfect spherical shapes of Si-nc investigated in this study. Nevertheless, we have shown that the product of mode frequency and nanocrystal diameter ωd is scale invariant as long as only the annealing temperature is used to change the Si-nc size. Furthermore, we have shown that the confined acoustic phonon frequencies do not simply depend on the Si-nc size alone, but also on the Si concentration in the film itself. For this reason, when the Si concentration in the film is used to change the Si-nc size, the product ωd is no longer scale invariant. This effect was ascribed to the accelerated nucleation and enhanced crystallization occurring in the films deposited with a higher Si content. For this reason, when the Si concentration in the film is sufficiently high, the structural properties of Si-nc are probably closer to the assumptions of CFM.
Overall, our study has provided a clearer basis for future experimental investigations on confined acoustic phonons, especially in materials where annealing is used to promote the precipitation of excess elements and crystallization.
